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The setting

N -dimensional variable vector x, normally distributed with covariance
matrix � and precision matrix 
 = � � 1:

p(x) =

s
det 

(2� )N exp

�
�

1
2

xT 
 x
�

+

Goal: Infer 
 from a set of observations x(n )
i .

IDEA:
Use consistent complete conditional univariate distributions:

p
�
xi

�
�x[� i ]

�

Each is a univariate linear regression.
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Corr elatedgeneexpressionnetwork
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Actual protein-interaction network
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Dependencynetworks

Consider a set of conditional univariate distributions

p
�
xi

�
�x[� i ]

�
= p

�
xi

�
�xpv ( i )

�

pv(i ) = predictor variable index set for xi

PROBLEM: In general, does not lead to a consistent joint probability

Sparse Gaussian Graphical model:
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pv(i ) = ne(i )
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Compositionalnetworks

Decomposition property:

p(x) =
Y

i

p
�
xi

�
�x( i +1): p

�

Given a speci�c ordering of the variables, we can directly reconstruct
the joint probability p(x) from univariate conditional probabilites.

Ordering of the variables induces a

Directed Acyclic Graph (DAG):
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p
�
xi

�
�x( i +1): p

�
= p

�
xi

�
�xcpv ( i )

�
cpv(i ) = parents(i ) � f i + 1: : : pg
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Building a Graphical Model

IDEA:

� Find an ordering of variables.
� For each variable, choose its predictor variable set cpv(i ) from its

ancestors (i + 1) : p.

� Calculate the score of the model as the probability of the
observed variables in the model.

� Choose the ordering and predicator variable sets (=the graph)
that gives the highest probability.

BASIC STEP: Univariate linear regression of xi on xcpv ( i )
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Analysisand Selectionof Regressions

Univariate regression of xi on a set of predictor variables xpv ( i ) :

�
xi

�
�xpv ( i ) ; 
 i ;  i

�
= N

�
xT

pv ( i ) 
 i ;  i
�

xi is normally distributed with mean

�xi =
X

j 2 pv ( i )


 ij xj

and variance  i .

Need to:
� Calculate 
 i and  i (preferable their distribution) from a set of

measurements of xi and xpv ( i ) .

� Calculate the marginal model likelihood to compare different
models.
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Regression:Posterior distrib utions

Observed effective correlation matrix (incorporating prior):

M j k =
�
N

� j k +
1
N

X

n

x(n )
i x(n )

j

Observation of input variable

# of observations

The regression then yields the correlation coef�cients

E(
 )j =
X

k

C� 1
j k

1
N

X

n

x(n )
k y(n ) Var(
 )j k =  M � 1

j k

Observation of output variable

E
�

1
 

�
=

� + K + N
� + q

# of input variables

q =
X

n

�
y(n )

� 2
�

X

nmk l

y(n ) x(n )
k M � 1

k l x(m )
l y(m )
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Regression:Mar ginal Model Lik elihood

How good is the model?

1. How good is its prediction?
Predictive density, evaluated at the observations:

p(yjx(n ) ) = � K �(( � + K + N )=2)

�(( � + K )=2)

�
1 +

q
�

� � ( � + K + N )=2
det � 1=2M

2. How many variables does it need?
When selecting K input variables from a set of R variables, favor
models with a small set of parameters:

� K (1 � � )R � 1� K
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Constructing Graphical Models fr om Regressions

The ordering - which variable to choose next?
PROBLEM: Once chosen, it cannot be used as parent variable for any of

the remaining variables

IDEA: How well would the model work without j ?

Explanatory score for xj :

sO
j =

Y

i 2 C

p
�
xi

�
�xpv ( i )nf j g

�
�

�

(1 � � )

� jpv ( i ) j� 1

Choose xj with highest sO
j , i.e. variables that is least required.
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Final algorithm

1. Given a set of candidate variables, select a minimum subset of
predictor variables pv(i ) for each xi and calculate univariate
regressions for each variable.

2. Calculate the explanatory score for each variable by
“leave-one-out”.

3. Choose the candidate variable with the highest score and
eliminate this variable from the set.
This variable, together with links to its compositional parent
variables cpv(i ), becomes part of the DAG.

4. Repeat with the remaining variables.

Monte-Carlo version:
� Randomize the choice of the candidate variable
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Global approach

In the previous work, only univariate regressions were applied. =)
Need DAG/variable ordering to achieve a consistent joint probability
density.
ALTERNATIVE: Multivariate regressions:

� A precision matrix M infers a probability p(D jM ) distribution on
data D .

� Using Bayes' rule

p(M jD ) =
p(D jM )

p(D )
p(M )

this infers a probability distribution on models M (=networks)
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Multi variate lik elihood

Multivariate Gaussian density with a set D = f x (k ) g of observations:

p(D jM ) =

s
detK M
(2� )N K exp

 

�
1
2

KX

k=1

x (k ) T
M x(k )

!

=

s
detK M
(2� )N K exp

�
�

K
2

Tr DM| {z }

�

OVERLAP

ENTROPIC TERM

with

Dij =
1
K

KX

k=1

x(k )
i x(k )

j CORRELATION MATRIX

Log-likelihood:

� ln p(D jM ) =
K
2

(�
FREE ENERGY

ln det M +
HAMILTONIAN

Tr DM ) + const
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Maximizing the lik elihood

Gradient:

�
@

@M ij
ln p(D jM ) =

K
2

�
� M � 1

ij + D ij
�

+

Minimum is achieved at: M ij = D � 1
ij

1

2

3

� M
12

� M
23

Precision matrix M

1

2

3

M
12

M
23

M 12M 23

Correlation matrix D = M � 1

(1 � A)� 1 = 1 + A + A2 + A3 + � � � �
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Sparsemodels

In a Graphical Model: edge set E

Sparsity constraint: M ij = 0 for (i; j ) 62E

M � 1
ij = D ij for (i; j ) 2 E

Log-likelihood again:

� ln p(D jM ) =
K
2

0

@� ln det M +
X

(i;j )2 E

D ij M ij

1

A

Only Dij for (i; j ) 2 E contribute Note: most M ij < 0 for i 6= j
(diagonal dominance/positive de�niteness)
=) Tr DM can become more negative, the more edges are present
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The Determinant

logdet(I + M ) = Tr log(I + M )

= Tr M �
1
2

Tr M 2 +
1
3

Tr M 3 � + : : :

Tr M 4 =
X

k1 ;k 2 ;k 3 ;k 4

M k1 k2 M k2 k3 M k3 k4 M k4 k1

k1

k2

k3

k4

=) Sum over all closed paths in the graph

� Simple for trees
� Feasible for sparse matrices/graphical models
� Feasible for diagonally dominated matrices
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Numerical considerations

Gradient descent:

M (n +1)
ij = M (n )

ij � �
K
2

�
� (M (n ) )� 1

ij + D ij

�
for (i; j ) 2 E

Increase coupling (make M ij more negative) if D ij > M � 1
ij .

=) Maximizes likelihood under the sparsity constraint

Use Jacobi iteration to calculate M � 1:

V (k+1) = V (k ) + D � 1 (I � M V (k) )
| {z }

Defect

lim
k!1

V (k ) = M � 1

Small changes in M � ! few iterations to update V
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Example

Correlation
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Schur complement

Schur complement / Marginalization / “Integrating out”:

 
M 11 M 12

M 21 M 22

!

=

 
1 M 12M � 1

22

0 1

!  
M S 0
0 M 22

!  
1 0
M � 1

22 M 21 1

!

M S = M 11 � M 12M � 1
22 M 21

 
x
y

! T

M

 
x
y

!

= xT M Sx + (y � M � 1
22 M 21x)T M 22

| {z }
univariate

(y � M � 1
22 M 21x)

Repeated application

M = 0 � � 0

Bayesian network / Cholesky factorization
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MC by hand
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Monte Carlo Simulations

Statistical mechanics of matrices:

p(M ) =
1
Z

e� � H (M )

Partition sum:

Z =
Z

e� � H (M ) dM

Hamiltonian:
H (M ) = � ln det M + Tr DM

@H (M )
@M ij

= � M � 1
ij + D ij

Constraint:
M ij = 0 for (i; j ) 62E

=) de�nes completely the statistical mechanics of matrices M
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Monte Carlo Strategies

Greedy strategy:
� Choose as next edge the edge with highest defect

Metropolis/Simulated Annealing:
� Choose edges according to their defects with �nite probabilites
� Accept edges according to the resulting p(M )

Hybrid Molecular Dynamics:
� Combines Metropolis + Molecular Dynamics method
� Basic step:

1. Propose (possibly discrete) Metropolis update
2. Evolve system continously for some time
3. Accept according to �nal con�gur ation

� Can combine discrete and continuous updates
� Increases acceptance rate
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Network priors

� Penalize high connectivity � ! sparse networks

� Clustering:
1

2

3

4
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vs.
1

2

5

6

3

4

� Trees:
1

2

5

6

3

4

vs.
1

2

5

6

3

4

� Hubs/Modules:
Few nodes have high connectivity
Nodes with high connectivity will
preferentially receive more connections
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