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. Gene expression data

Expression data: xj(i)
| =experiment
] =gene

Joint probability distribution

p(x)

Assume: x() iid. from p(x)

(1)
j
, What p(x) would give rise to x

Infer p(x) from x
(1)
j

from N. Friedman: Inferring Cellular Networks Using Prob-
abilistic Graphical Models, Science, 303, 799 (2004)
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. Correlated gene expression network
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- Actual protein-interaction network
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- Graphical models

Require p(x) to be “sparse”

, O (®
Each variable is in uenced by only 9 °‘

a few other variables G

Probabilistic modeling:

Completely conditional distribution:

SINGLE VARIABLE -ﬁ

P Xi fX 19 = p Xi TXpv(i)d
ALL OTHER VARIABLE \J‘ k/' PREDICTOR VARIABLE SET

[ ) [ ) [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ] [ ]
< > December 1, 2004 p. 6/32



- Graphical models

Require p(x) to be “sparse”

Each variable is in uenced by only
a few other variables

Linear modeling: Xi = FjX; + €

Problem: Loops
What is the “equilibrium”?

Long-range undirected in u-
ences in the graph

< >

O—

sparse triangular

X3

X3+

X1+ Xo+ Xyt
X3+ X5+ Xg+t
Xgq4 + Xgt

Xgq4 + X5t
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December 1, 2004 p. 6/32



- Fitting graphical models

What is the best model for a @
set of observations? ? @ 5 @ ?
' old

Incrementally add edges to the
model

PROBLEMS:
Choosing which edge to add

Evaluating the graph with the added edge

Backtracking
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- Directed acyclic graphs

DIRECTED ACYCLIC GRAPH
Ordering imposed on the

variables @ /@
In uence propagates only in @>@>‘_@\é>

one direction

Linear modeling: Xi = FjX; + € Fij sparse triangular
Incremental tting procedure: X, = Xa+t
Edges added “downstream” X2 = Xzt
don't change the “upstream” X3 = Xat
situation X4 = X5t Xet

X5 = Xgt
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. Compositional networks

Decomposition property:
Y Y
P(X) = P Xi X@+1:p = P Xi Xpy(i)
i i

( Upstream variables

Works with any ordering
Good orderings create sparse graphs

(&)
P(1;2;3;4;5;6) = p(1)3) p(2)3) p(3)4) p(4)5; 6) p(5)6) p(6)

Bayesian networks: usually boolean/discrete, contingency tables

Applications to linear models:
A. Dobra, C. Hans, B. Jones, J. R. Nevins, M. West, SAMSI TR 2003-7.
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. Compositional networks

Decomposition property:
Y Y
P(X) = P Xi X@+1:p = P Xi Xpy(i)
i i

( Upstream variables

Works with any ordering
Good orderings create sparse graphs

So-al ]

pP(2;3;4,5;6) = p(2)3) p(3J4) p(4)5; 6) p(516) p(6)
Bayesian networks: usually boolean/discrete, contingency tables

Applications to linear models:
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Linear models

Gaussian process:
p(x)/ exp X' Mx

Conditional probability:

2 0
| 1 X
P(XiJXp i7) / expg Mi @x; + Mo
"isi
Model:
| Mi T MG
|61

Diagonal entries determines uctuations

1,3
Mij XjA Ez)

Off-diagonal entries determine (partial) correlations

< >
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. Likelihood

S
p(xjM ) = ?Zet)l\lill exp %XTMX
With multiple measurements x (¥):
7 ol M 1 T |
o(DjM) = | ?Zet)NK exp Ek:l x (K) "\ x (K)
K ng ~ ———— ENTROPIC TERM
i ((jzet)Nl\K/l =P I;FL%M}/ OVERLAP
with
Dj = i% Xi(k)xj(k) CORRELATION MATRIX
k=1

< >
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- Bayes' law

Given the data D, what is the probability that these data are
generated by the model M

Bayes'Law:  1.ta likelihood orior
posterior p(DjM ) p(DIM)
M D) = M) =P "
PRI oy P P i) MM

Maximum likelihood: a priori distribution p(M ) = const:
p(M]D)/ p(DjM)

Log-likelihood for M under given observation D :

Inp(M D) = KE( IndetM +Tr DM ) + const
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- The Network Hamiltonian

Hamiltonian for the statistical system M at given D

H(M|D) = KE( ndetM + Tr DM ) +Hpio (M)

FREE ENERGY HAMILTONIAN

Tr DM measures how well the matrix ts the data

Indet M expresses free energy of the system D at xed M
=) favors uncertainty =) 2nd law of thermodynamics

Indet M ensures that M remains positive-de nite

° ° ° ° ° ° ° ° ° ° ° °
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. Maximum likelihood

Choose the most probable model M, given D

@ . K 1
Inp(DiM)= — M. ~+Djj =0
+ Small sample sizes
' degenerate matrix
Minimum is achieved at: Mj = D;* J. Schafer, K. Strimmer,
Bioinformatics (2004)
Precision matrix M Correlation matrixD = M 1
N\ %
<

(1 A =1+ A+ A%+ A3+
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- Sparse models

In a Graphical Model: edge set E
Sparsity constraint: Mj; =0 for (1;] ) 62&

Mij 1= Dj for(i;))2E
Log-likelihood again: 0 1

X
Inp(DjM ) = KE@ IndetM + D M; A

(i )2E
Only Dj for (i;j ) 2 E contribute Note: most Mj; < Ofori 6 |
(diagonal dominance/positive de niteness)
=) Tr DM can become more negative, the more edges are present
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- The Determinant

logdet(l + M)

Trlog( 1 + M)

1 1
= TrM ZTrM2+Z=TrM3 +:::
2 3

X @.@
4 _
TTM* = M.k, Mi,ks Mkaks Mgk,
kik2iksika @

=) Sum over all closed paths in the graph

Simple for trees

Feasible for sparse matrices/graphical models
Feasible for diagonally dominated matrices

< >
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Numerical considerations

Gradient descent:
K

(n+1) _ pp(n)

Increase coupling (make Mj; more negative) if Dy > M i !

=) Maximizes likelihood under the sparsity constraint

Use Jacobi iteration to calculate M 1:

vk+) = (K L p 1 v (K)
B
Defect
im vk = M 1
k!l
Small changesin M !  few iterations to update V

< >

(M M), *+ Dy for (i;j ) 2 E
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- Algorithm

<

>

For any given edge set E, calculate the Hamiltonian H(M jD) by

constrained minimization

Add and remove edges one-by-one
Candidates for addition: Djj ~ M; Llarge
Candidates for removal: Mj; small

Choose candidates according to

e
with a suitable inverse temperature

H (M]D)

Samples space of probable graphs

Reweighting scheme for predictions

° °
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. Example network



. Example network
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. Example network
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. Example network
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. Example network
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. Example network




. Potential

sample:iOOO —
: sample=100 ——
251 beta=10 ——

15+

0.5 |

potential
X

0 10 20 30 40 50 60
iteration
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. Potential

<

# of edges in graph

>
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. Breastcancer data set




- Network priors

<

>

Penalize high connectivity !  sparse networks

W @G (5)
Clustering: N/ VS.
A0 g
) (& Q) (&
Trees: VS.
50L0

Hubs/Modules:

Few nodes have high connectivity
Nodes with high connectivity will
preferentially receive more connections
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. Conclusions

Global approach to constructing/sampling Gaussian Graphical
Models

Has a natural setting in the statistical physics of Matrix models

Computationally more demanding, but amenable to Monte Carlo
procedures well established in statistical physics

Will allow to combine experimental data and
expectations/knowledge about network structure

Collaborators: Joannis Apostolakis, Ralf Zimmer (LMU Bioinformatics)
Juliane Schéfer, Korbinian Strimmer (LMU Statistics)
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