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Those who can, do.
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Those who can, do.

Those who can't,
simulate .

/usr/games/lib/fortune, UNIX, Seventh Edition, 1979
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Geneexpressiondata

from N. Friedman: Inferring Cellular Networks Using Prob-
abilistic Graphical Models, Science, 303, 799 (2004)

Expression data: x( i )
j

i = experiment
j = gene

Joint probability distribution

p(x)

Assume: x ( i ) i.i.d. from p(x)

Infer p(x) from x(i )
j

= What p(x) would give rise to x( i )
j
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Corr elatedgeneexpressionnetwork
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Actual protein-interaction network
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Dependencynetworks

Require p(x) do be “sparse”:
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Completely conditional distribution:

p
�
xi

�
�x[� i ]

�
= p

�
xi

�
�xpv ( i )

�
SINGLE VARIABLE

PREDICTOR VARIABLE SETALL OTHER VARIABLE

PROBLEM: In general, completely conditional distrbibutions not lead to a
consistent joint probability

p(x) =?
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Compositionalnetworks

Decomposition property:

p(x) =
Y

i

p
�
xi

�
�x( i +1): p

�
Upstream variables

Given a speci�c ordering of the variables, we can directly reconstruct
the joint probability p(x) from univariate conditional probabilites.

Ordering of the variables induces a

Directed Acyclic Graph (DAG):
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6

p(1; 2; 3; 4; 5; 6) = p(1j3) p(2j3) p(3j4) p(4j5; 6) p(5j6) p(6)

A. Dobra, C. Hans, B. Jones, J. R. Nevins, M. West, SAMSI TR 2003-7.
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Compositionalnetworks

Decomposition property:

p(x) =
Y

i

p
�
xi

�
�x( i +1): p

�
Upstream variables

Given a speci�c ordering of the variables, we can directly reconstruct
the joint probability p(x) from univariate conditional probabilites.

Ordering of the variables induces a

Directed Acyclic Graph (DAG):

1

2

3 4

p(1; 2; 3; 4) = p(1j3) p(2j3) p(3j4) p(4)

A. Dobra, C. Hans, B. Jones, J. R. Nevins, M. West, SAMSI TR 2003-7.
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Compositionalnetworks

Decomposition property:

p(x) =
Y

i

p
�
xi

�
�x( i +1): p

�
Upstream variables

Given a speci�c ordering of the variables, we can directly reconstruct
the joint probability p(x) from univariate conditional probabilites.

Ordering of the variables induces a

Directed Acyclic Graph (DAG):

1

2

3 4

5

6

A. Dobra, C. Hans, B. Jones, J. R. Nevins, M. West, SAMSI TR 2003-7.

14:15 July 30, 2004 – p. 7/23



< >

Compositionalnetworks

Decomposition property:

p(x) =
Y

i

p
�
xi

�
�x( i +1): p

�
Upstream variables

Given a speci�c ordering of the variables, we can directly reconstruct
the joint probability p(x) from univariate conditional probabilites.

Ordering of the variables induces a

Directed Acyclic Graph (DAG):

1

2

3

5

6

A. Dobra, C. Hans, B. Jones, J. R. Nevins, M. West, SAMSI TR 2003-7.

14:15 July 30, 2004 – p. 7/23



< >

Compositionalnetworks

Decomposition property:

p(x) =
Y
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�
xi
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�x( i +1): p

�
Upstream variables

Given a speci�c ordering of the variables, we can directly reconstruct
the joint probability p(x) from univariate conditional probabilites.

Ordering of the variables induces a

Directed Acyclic Graph (DAG):
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Compositionalnetworks

Decomposition property:

p(x) =
Y

i

p
�
xi

�
�x( i +1): p

�
Upstream variables

Given a speci�c ordering of the variables, we can directly reconstruct
the joint probability p(x) from univariate conditional probabilites.

Ordering of the variables induces a

Directed Acyclic Graph (DAG):

1

2

3 4

5

6

Crucial to choose the right ordering

A. Dobra, C. Hans, B. Jones, J. R. Nevins, M. West, SAMSI TR 2003-7.
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Linear models

Linear relationships between variables :

xi = Fij xj + ei

Error:
ei = (1ij � Fij ) xj

Error model:
p(e) / exp

�
� eT � e

�

Gaussian process:

p(x) / exp

2

4� xT (1 � F )T �(1 � F )
| {z }

= M

x

3

5
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Multi variate GaussianDistrib ution

p(x jM ) =

s
det M
(2� )N exp

�
�

1
2

xT M x
�

With multiple measurements x (k ) :

p(D jM ) =

s
detK M
(2� )N K exp

 

�
1
2

KX

k=1

x (k ) T
M x(k )

!

=

s
detK M
(2� )N K exp

�
�

K
2

Tr DM| {z }

�

OVERLAP

ENTROPIC TERM

with

Dij =
1
K

KX

k=1

x(k )
i x(k )

j CORRELATION MATRIX
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Bayes' Law

Treat both observation D and model M as statistical d.o.f.:

p(D ; M ) = p(D jM )p(M ) = p(M jD )p(D )

Bayes' Law:

posterior
p(M jD ) =

data likelihood
p(D jM )

p(D )

prior
p(M ) =

p(D jM )
P 0

M p(M ; D)
p(M )

Maximum likelihood: a priori distribution p(M ) = const:

p(M jD ) / p(D jM )

Log-likelihood for M under given observation D :

� ln p(M jD ) =
K
2

(� ln det M + Tr DM ) + const
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Bayes'sLaw in Statistical Mechanics

p(D jM ) =
e� H (D jM )

Z (M )
with Z (M ) =

0X

D

e� H (D 0jM )

Applying Bayes' law:

H (M jD ) + ln Z (D ) = H (D jM ) + ln Z (M ) + ln p(D ) � ln p(M )

H (M jD ) = H (D jM ) + ln Z (M ) � ln p(M ) + const(D )

The logarithm of Z is related to the free energy:

ln Z (M ) = � ln p(D jM ) � H (D jM )

Expectation value in D :

ln Z (M ) = S � hH (D jM )ij M = F

Free energy of the system at given model M .
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The Network Hamiltonian

Hamiltonian for the statistical system M at given D :

H (M jD ) = H (D jM ) + ln Z (M ) = H (D jM ) + F (M )

Log-likelihood:

H (M jD ) =
K
2

(�
FREE ENERGY

ln det M +
HAMILTONIAN

Tr DM ) + Hprior(M )

� Tr DM measures how well the matrix �ts the data
� ln det M expresses free energy of the system D at �x ed M

=) favors uncertainty =) 2nd law of thermodynamics
� ln det M ensures that M remains positive-de�nite
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Maximum lik elihood

Choose the most probable model M , given D :

�
@

@M ij
ln p(D jM ) =

K
2

�
� M � 1

ij + D ij
�

= 0

+

Minimum is achieved at: M ij = D � 1
ij

Small sample sizes
� ! degenerate matrix
J. Schäfer, K. Strimmer,

Bioinformatics (2004)

1

2

3

� M
12

� M
23

Precision matrix M

1

2

3

M
12

M
23

M 12M 23

Correlation matrix D = M � 1

(1 � A)� 1 = 1 + A + A2 + A3 + � � � �
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Sparsemodels

In a Graphical Model: edge set E

Sparsity constraint: M ij = 0 for (i; j ) 62E

M � 1
ij = D ij for (i; j ) 2 E

Log-likelihood again:

� ln p(D jM ) =
K
2

0

@� ln det M +
X

(i;j )2 E

D ij M ij

1

A

Only Dij for (i; j ) 2 E contribute Note: most M ij < 0 for i 6= j
(diagonal dominance/positive de�niteness)
=) Tr DM can become more negative, the more edges are present
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The Determinant

logdet(I + M ) = Tr log(I + M )

= Tr M �
1
2

Tr M 2 +
1
3

Tr M 3 � + : : :

Tr M 4 =
X

k1 ;k 2 ;k 3 ;k 4

M k1 k2 M k2 k3 M k3 k4 M k4 k1

k1

k2

k3

k4

=) Sum over all closed paths in the graph

� Simple for trees
� Feasible for sparse matrices/graphical models
� Feasible for diagonally dominated matrices
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Numerical considerations

Gradient descent:

M (n +1)
ij = M (n )

ij � �
K
2

�
� (M (n ) )� 1

ij + D ij

�
for (i; j ) 2 E

Increase coupling (make M ij more negative) if D ij > M � 1
ij .

=) Maximizes likelihood under the sparsity constraint

Use Jacobi iteration to calculate M � 1:

V (k+1) = V (k ) + D � 1 (I � M V (k) )
| {z }

Defect

lim
k!1

V (k ) = M � 1

Small changes in M � ! few iterations to update V
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Example

Correlation
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6

6.6205

Network
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6.29787
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Schur complement

Schur complement / Marginalization / “Integrating out”:

 
M 11 M 12

M 21 M 22

!

=

 
1 M 12M � 1

22

0 1

!  
M S 0
0 M 22

!  
1 0
M � 1

22 M 21 1

!

M S = M 11 � M 12M � 1
22 M 21

 
x
y

! T

M

 
x
y

!

= xT M Sx + (y � M � 1
22 M 21x)T M 22

| {z }
univariate

(y � M � 1
22 M 21x)

Repeated application

M = 0 � � 0

Bayesian network / Cholesky factorization
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MC by hand
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6.51449
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Futur e Monte Carlo Simulations

Split model M = (M 0; E)
� E = edge set
� M 0 = restricted matrix such that (i; j ) 62E ) M 0

i;j = 0

Effective maximum-likelihood Hamiltonian:

H (E) = min
M 0

H (M 0; E)

Perform Metropolis on E.

Can use gradient of H (M ) as guidance � ! molecular dynamics.

Can incorporate additional energy terms depending on network
structure of E .
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Monte Carlo Strategies

Greedy strategy:
� Choose as next edge the edge with highest defect

Metropolis/Simulated Annealing:
� Choose edges according to their defects with �nite probabilites
� Accept edges according to the resulting p(M )

Hybrid Molecular Dynamics:
� Combines Metropolis + Molecular Dynamics method
� Basic step:

1. Propose (possibly discrete) Metropolis update
2. Evolve system continously for some time
3. Accept according to �nal con�gur ation

� Can combine discrete and continuous updates
� Increases acceptance rate
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Network priors

� Penalize high connectivity � ! sparse networks

� Clustering:
1

2

3

4

5

6

vs.
1

2

5

6

3

4

� Trees:
1

2

5

6

3

4

vs.
1

2

5

6

3

4

� Hubs/Modules:
Few nodes have high connectivity
Nodes with high connectivity will
preferentially receive more connections
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Conclusions

� Gaussian Graphical Models are a less-restrictive alternative to
Bayesian networks

� Have a natural setting in the statistical physics of Matrix models
� Computationally more demanding, but amenable to Monte Carlo

procedures well established in statistical physics
� Will allow to combine experimental data and

expectations/knowledge about network structure
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WORKSHOP ANNOUNCEMENT

SFB 386: Statistical Analysis of Discrete Structures

MSBF Munich Systems Biology Forum

Complex Stochastic Systems
in Biology and Medicine

Munich, October 7-8, 2004

This meeting aims to bring together state-of-the-art researchers working, e.g., on
methods for

� graphical models and multiple time series,
� inference of high-dimensional models, and
� dynamics of complex systems

with focus on application areas such as
� genetic networks,
� gene expression analysis, and
� systems biology.

http://www.stat.uni-muenchen.de/sfb386/workshop/css2004/
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